A NOTE ON AN INVERSE SCATTERING PROBLEM FOR THE HELMHOLTZ 

EQUATION ON THE LINE 
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Abstract. We consider the uniqueness in the inverse scattering problem for the equation 



c- 3 

on M, where c is a real measurable function with c(x) > c m > 0, \c(x) — 1[ < C{x)~ 1 ~ s and c' 6 
L 2 (R) nL 1 ^)- 



1. Introduction 



We consider the inverse scattering problem for the equation 

k 2 

(1.1) -u"-—u = 



c 2 



where c is a real measurable function satisfying 



[HI ] There exist cq > 0, cm > such cq < c(x) < cm, a.e. iff; 

[H2 ] One has \c(x) — 1| < C{x)^ 1 ^ 6 , a. e. x 6 R, with <5 > 0, and C is a positive constant 
independent of x. 

Then for each k e M \ {0} there exist unique solutions iti(a;,fc), U2{x,k) to the Helmholtz equation 
lll.ljl such that 

u\{x, k) ~ e lfex when a; — > oo, 
1*2(2;, fc) ~ e~ 1,cx when a; — > —00. 



Then ui(-,k) and u\{-,k) (respectively U2{-,k) and M2(-,&)) are linearly independent solutions of 11.10 . 
therefore 

u ^~^f ikx+ W> e ~ ikx when 

^.JbJ-^e-^ + ^e 1 *- when *->«>, 

where Ri(k), R^ik), T%(k) and T2(fe) are complex constants detemined by c and k. (See also the next 
section.) 

The matrix 



5(fc) = 



i?i(fc) T 2 (fc) 
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is the scattering matrix determined by c; R\(k) and R2(k) are the reflexion coefficients, whereas Ti(fc) 
and T%(k) are the transmission coefficients. is an unitary matrix, and thus \Rj(k)\ < 1, j — 1, 2. 

We shall assume that R 2 (k) = R2(k; c) is known. Our aim here is to prove the uniqueness part of the 
inverse scattering problem, that is, to prove the next theorem. 

Theorem 1.1. The mapping 

K: {c: R -> M, measurable | c satisfies [HI] and [H2], c' e L 1 (R) n L 2 (M)} -> i°°(R); 

7e(c) = R 2 (k;c) 

is injective. 

The methods used in the Schrodinger case ([Pj, |DTj . |M] . |AKMj . and the references thererein) are 
not available in this case, since the behaviour in k, \k\ large, of the solutions u\{x, k), u 2 (x, k) is no longer 
easy to control, at least when c is not assumed to be smooth enough. To compensate, we shall use tools 
from the theory of analytic functions on a half-plane and an estimate ( |SyWG| , [BrOnj l for the reflexion 
coefficient associated to a function c which is constant on a half-axis and c' G L 1 (]R) n L 2 (R). 

The paper is organized as follows: In section 2 the construction of ui(x, k), u 2 (x, k) and of the scattering 
matrix is briefly presented, along with some of their properties. Section 3 deals with properties of the 
function The fact that T\{k) is uniquely determined by R 2 (k) is proved in section 4. Some further 
analysis of the behaviour in k of u\(x, k) is given in section 5. In all these sections only [HI] and [H2] 
are assumed to be satisfied. Finally, Theorem ll.ll is proved in section 6, under the additional assumption 
that c' G L 1 (M) n L 2 (M). 



2. JOST SOLUTIONS AND THE SCATTERING MATRIX 

2.1. Jost solutions. The scattering matrix is constructed by using special solutions of the Helmholtz 
equation. For k e C+ we consider the Jost solutions (uj)i=l,2 to the equation 

k 2 

(2.1) u" + — u = 0. 

c z 

They satisfy ui(x, k) ~ e lkx when x — > oo, while u 2 (x, k) ~ e~ lkx when x — » — oo. 

The proof of the next theorem is similar to the proof of the analogous result in the Schrodinger case 
(see |DT| ). We use the notation 

(2.2) * = 1 -?- 
From [HI] and [H2] we see that 

\q(x)\ < Cix)- 1 - 3 , a.e.xeR. 
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We also need the following functions 

70*0= / \q(y)\dy; v(x)= I k(z/)|dy. 



— xlm k . 

e i 



xlm . 

e i 



and set 

(2.3) 7b = sup|g(a:)|. 

Theorem 2.1. For every k £ C + , there exist unique the solutions u\{x,k), U2(x,k) to the equation (|2.1I> 
such that: 

(2.4) e- ikx Ul (x, k) -> 1, e ifcr u 2 (:r, jfe) -> 1, 
w/ien .t — > oo and x — > — oo, respectively. 

The following estimates hold: 

(2.5) |m(a;, jfe) - e ite | < \k\ 1 (x)e^ Mx) ' xlmk , 

(2.6) |«2(a;, jfe) - e~ ikx \ < \k\r 1 (x)e^ kMx)+xImk , 

(2.7) \u[(x,k)-ikui(x,k)\ < \k\ 2 -y(x) (l+\k\\\q\\ L ie WM '-A 

(2.8) |t4(aj,*)+iAwi 2 (a;,A;)| < |fc| 2 r?(x) (l + |fc| HgH^e 1 * 1119 ^ 1 ) 

(2.9) Ui(x, k) = u\{x, — k), u%{x, k) = u^{x, — k). 
When i £ K is fixed, the functions 

C+3k i— » tij(a;. fc) 6 C, C + 9 fc h- > itj(x, fe) G C, 
j = 1, 2, are holomorphic and extend continuously at Imfc = 0. 

Remark. If we set 

mi(i, fc) = e _lxfc ui(a;, k), m 1 (x, k) = e~ lxk u 1 (x, k) 
then m\(x,k) and 7712(2:, k) solve the equations 

(2.10) m"(x,k) + 2ikm' 1 (x,k) = k 2 q(x)m 1 (x,k) 7 

(2.11) Tn%(x, k) — 2ikm' 2 (x, k) — k 2 q(x)rri2{x, k), 

respectively. The previous theorem gives also that 

k)-l\< |fc|7(x)e |fe|7(:r) , 
\m 2 (x,k) -1| < \k\r]{x)e\ k ^ x \ 
\m[(x,k)\ < |fc| 2 7 (x) (l+|fe|||?||iiel*IW^), 
\m' 2 (x,k)\ < \k\ 2 v (x) (i + |fc||| g || £ie l*IWi.^ 

when k S C+ and 



4 INGRID BELTIfA 

2.2. The scattering matrix. We denote by 

[f,9] x = f'(x)g(x)-f(x)g'(x) 
the wronskian of / and g. If this quantity is constant on R, it will be denoted simply by [/,<?]. 
Let Ui (-,&), u 2 (-,k) be the solutions constructed in the previous subsection. 
Consider k e E \ {0}. It follows from relations H2.5H and H2.7I) Liouville's theorem that 

[iti(-, k), ui(-, —k)] = lim (ui(x, k)u\(x, —k) — u\(x, k^u'^x, —k)) 

(2.12) x ^°° 

= 2ik ^ 0. 

Consequently, if k G M \ {0} and a is positive, then 

(2.13) \au[ ±ik Ul \ 2 =a 2 |M / 1 | 2 + fc 2 |ui| 2 ±2fc 2 a. 
We similarly get (from ll2.6ll and J2.8JI ) 

(2.14) [u 2 (;k),U 2 {;-k)]=-2ik^0, 

(2.15) \au' 2 ±iku 2 \ 2 = a 2 \u[\ 2 + k 2 \u 2 \ 2 T 2fc 2 a. 

We deduce from 112. 911 . that u\, u\ (u 2 , u 2 ) are linearly independent solutions of H2.ll) . Using again 
112.121) we see that there are some constants T\(k), T 2 (k), Ri(k), R 2 (k) such that 1/Tj(k) ^ 0, j = 1,2 
and 

(2.16) u 2 (x, k) = jr^Mx, k ) + J^j Ul ( x > ~ fc )' 

(2.17) m(x, k) = ^^ u 2 (x, k) + —]—u 2 (x, -k), 

when k ^ is real. Ri(k), R 2 (k), Ti(fc), T 2 (k) are the scattering coefficients of c at energy k 2 . The first 
two quantities are the reflexion coefficients, while the other two are the transmission coefficients, and the 
matrix 

'Ti(fc) R 2 (kf 



is the scattering matrix. 

The properties of u\ and u 2 give more on the scattering coefficients. We see from 12.12L 12.14L Il2,lfi|) 
and (l2TT7f) that 

2ifc 2i£; 



(2.18) [u 1 (x,k),u 2 {x,k)] = 



(2.19) [u 2 (x,k),ui(x,-k)\ = 2ifc 

(2.20) [u 2 (a;,-fc),ui(a;,fc)] = 2ifc 



Ti(fc) T 2 (fe)' 
Ri(k) 



Ti(k)- 
R 2 (k) 
T 2 (k) ■ 
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It follows from (23g) and ll2~T7))) that 



(2.21) T l (k)=T 2 {k)=T(k) and T{k)=T{-k), when k £ 
and then from lf2~19ll . il2~20j) . l(2~2"ll and $2J$ it follows that 

(2.22) Ri{k)T{~k) + R 2 {~k)T{k) = Q, 



(2.23) = J Ri(-fc), R 2 {k) = R 2 (-k). 

Remark. The function 2\k/T{k) can be analytically extended to C + , taking l|2.18H as a definition. It 
extends continuously to R\{0}, and it can not vanish in any point of C+\{0}, since there are no eigenvalues 
for the operator —c(cu)" considered as a self-adjoint operator in L 2 (R) with domain {u £ L 2 \ (cu)" £ L 2 }. 
We thus see that T(k) can be extended as a holomorphic function to C + , continuous on R + \ {0}. 

In Il2,16|) we replace u\{x, k) by its expression in 12,17|) and use l|2.22l) . 12.23|l . We get that 

(2.24) |T(fc)| 2 + |i? 2 (fc)| 2 = l. 
It follows similarly that 

(2.25) \T{k)\ 2 + \R 1 {k)\ 2 = 1. 
As a consequence, the matrix S(k) is unitary and 

(2.26) |T(fc)|<l, |i?i(fc)|<l, |i? 2 (fc)|<l, fc£R\{0}. 

We need an estimate for R 2 (k) when k is in a neighbourhood of 0. We can easily obtain (see Ch. 2, §3 
EH): 



(2.27) YW = Ji j ^ U ^)mi{t,k)At, 



-OO 



(2.28) ^— =1-| J q{t)m x (t,k)At. 

— OO 

when k £ K\ {0}. 

Lemma 2.2. (i) The function K \ {0} 3 k i— > T(k) £ C extends to a continuous function on C+ with 
T(0) = 1. 

(ii) The function K \ {0} 3 k i— > R 2 {k) £ C extends to a continuous function on R, i? 2 (0) = 0. 
Moreover 

(2.29) < C|fc|, w/«en fc £ R, 

+ 00 



,2.30, £ ,^4/ 9(i)dt , 
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with C a constant independent on k. 

Proof. The first part of the proof follows from the remark above, relation 112, 2811 . and Theorem 12, II 

It follows form l|2.27fl that k — > R 2 (k)/T(k) extends continuously R, and since k — > T(fc) extends 
continuously on R we get that k — » i?2(&) has the same property. The remaining assertions of the 
statement are direct consequences of Q2.27I1 and l|2.28jl . taking into account that |T(fe)| < 1 and Q2.5J1 
holds. □ 

Lemma 2.3. The equality 

(2.31) 2Re (T(k)mi(x, k)m 2 (x, k)) = \T(k)mi(x, k)\ 2 + \T(k)m 2 (x, k)\ 2 . 

holds for every x £ R and fcel. 

Proof. We write U\{x, k) = e lkx mi(x, k) and ii2(x, k) = e~ lkx m2(x, k). Then the equality 12.11if becomes 



(2.32) T{k)m 2 {x, k) = Ri(k)e 2lkx m^x , k) + mi (x, k), 



when i£l and k G R. We have used that mi(x, k) — m\{x, —k) for A: real. Thus 

(2.33) \T(k)m 2 (x, k)\ 2 = \rrn(x, k)\ 2 + |iii(fc)mi(a;, k)\ 2 + 2Re (.Ri (fc)e~ 2ifec m? (a:, fc). 
On the other hand, multiplying <2.32t by mi (a;, k) and then taking real parts it follows that 

(2.34) 2Re (T(fc)mi(x, k)m 2 {x, k)) = 2\mi(x, k)\ 2 + 2Re {Ri{k)e- 2 ' lkx m\{x , k)). 
Subtracting this equality from H2.33J1 we get 

\T(k)m 2 (x,k)\ 2 - 2Re{T{k)m 1 (x,k)m 2 (x,k)) = -\mi(x, k)\ 2 + \Ri(k)mx(x, k)\ 2 . 
Relation ll2~3Tl) is now a consequence of II2.25|I □ 

3. The functions w and r 

We need the functions defined by 



, -t 1 (x,k) 



when k 6 C \ {0} 



(3.1) w{x,k) = { c 

(1, when fc = 

and 

(3.2) r(x,k) = j— ^fejr , xeM ) ieC+, 
We first need to show that the definitions ll.'i.2ll and l.'i.lll make sense. 

Lemma 3.1. Let k G C+ be fixed. Then u±(x, k) ^ when 
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Proof. We prove first that ui{x,k) ^ 0. Assume wi(x ,fc) = for an x G E (x may depend on fc). 
When k € R\ {0}, this can not happen owning to 12.12t and l|2.9ll . If Imfc 7^ 0, then is an 

eigenfunction of corresponding to the eigenvalue fc 2 , where -ffn/ = — c(c/)" when / € D(H D ) = 
{g G L 2 (iro,oo) I —c(cg)" G L 2 (xo,oo), (cg)(xo) = 0}. Thus, fc 2 G a(H]j), which contradicts the fact 
that Hjj > 0. In view of 112.511 . u!(x,0) = 1, for any x real, and this concludes the proof of the lemma. □ 

The previous result allows us to define 

(3.3) w(x,k) = f l( " X / k \ , fcGC+\{0}. 

ifcui(x, k) 

In addition, we have (by H2.7I) . (12.511 ^1 . 

- ifcm(x,fc) 

hm w(x, fc) = lim : ; — -r 1-1 = 1 

fc^o fe^o ikui(x,k) 

Hence the function w(-, fc) defined in H3.1JI belongs to Lj^ c (R) n Wj*' 2 (R), and if x G R is fixed, the function 
C + 1— > w(x, fc) G C is analytic and extends continuously to Imfc = 0. (Thm. I2~T1 and lemma l3~TTl . One 
can easily see that w satisfies 

ifc 

(3.4) w'(x,k) = -^y— - ikw 2 (x,k). 

cr(x) 

It follows that w'(-,k) is locally bounded and w is absolutely continuous.. 
In a similar way we may define 

(3.5) w-{x,k) = - .f 2 ^' k \ , when x G K, k G C+ \ {0}, 

iku2(x,k) 

and it has properties similar to those of w. 

The next lemma contains a simple computation which turns out to be important in the sequel. 



Lemma 3.2. (a) When fc G R, we have 

(t h\ = 

\ui{x, k)\ 



(3.6) Rew(i,fc) = 1 — j2 Ml2 , x G 



(b) When Im fc > 0, we have 

00 

<"> «"<«•*) = ffTOTF /( K ?fe a! + 1 " ;(! ''' ;)|2 1 * 

X 

for i£R. 

Thus Rew(i, fc) > w/ien x G R and fc G C, Imfc > 0. 



Proof, (a) If fc G R\ {0}, the equality i|3.6ll is a consequence of <2.9ll and ll2.12ll . The equality is obvious 
when fc = 0, both sides being equal to 1. 
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(b) Assume now that Imk > 0. We have 
(3.8) ftew= (u'iUTk-^m k). 

On the other hand, since m solves 112. If) and u\ and u'± decay exponentially when x — > oo, we may write 

oo oo 

{uiu[)(x, k) = - I W[{y,k)u'{{y,k)Ay - / fc)| 2 dy 



fc 2 |ui| 2 (y,fc) , 2 * 

- K(y> fc )l dy. 



c 2 (y) 

a; 

Using this formula in l|3.8jl we get 113. 7jl . □ 

Remark. One may prove similarly that 

Kew-(x,k)>0 on C + . 

Corollary 3.3. Consider x £ R be arbirary fixed. Then the function 

R3^ , ',, Hc ■ ' 



1 + k 2 w(x,k) + w^{x,k) 
is absolutely summable on R. 

Proof. This is a consequence of the fact that 

Re 1 — r ^r>0, kec+, 

w(x, k) + w~ (x, k) 

k — > (w(x, k) + w_ (x, k))^ 1 is holomorphic on C + and extends continuously to Im k = 0. (See [AD].) □ 



Proposition 3.4. When i£l and n > one has 

2 1 

— g < W(X, IK) < 1 + - 



(3.9) - ; n2 z <w(x,in) < 1 + 7770- 



Remark. We notice that ui(:c, ire) is real when when x £ R and re > since Ui{x,\k) = U\{x,\k). From 
lemma, l3~2l we also see that w(x,in) is positive. 



Proof. We set v — v(-,\k) = u>(-, ire) — 1. We get then from i't.H and <2.ot that 

v(x,in) — > when x — » +oo, 

i/ = req + rev 2 + 2rev > Kq + 2kv. 

It follows that 

oo 

(3.10) u(x,ire) < - / req(y) e" 2 ^"^ dy < J sup | 9 | < i 7o , 



hence 

(3.11) w(a;, Ik) < l + ^7o- 
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On the other hand we notice that W = w(x, in) = W ^- 1K ) (w(x,ik) > 0) satisfies 



-/ "> ~2 
w = —w — /€, 



and w(x, in) — > 1 when x — » oo. We set £ = w — 1 and get 



u = -ri) H — — Kq> —z-v - nq. 



Thus 



-2«J -jf 



ds 



u(x,i/t) < / nq(y)e " x "" {s) dy 



< / K\q(y)\e- 2K(y - x)/c ^ dy 



1 2 



and we obtain 



(3-12) i < 1 + i C ^ 7 o- 

The inequality (ESI follows directly from ECU and (l3TT2|) . □ 

Lemma 3.5. Let c\ and C2 be two measurable real functions obeying [HI] and [H2], and let q\, q 2 and 
Wt, w 2 be the functions defined by 112, 211 . 113,311 . corresponding to C\ and C2, respectively. Then 

\\(w 1 -W2)(-,iK)\\ L i( R )<-\\qi-q 2 \\Li(R), when k > 0, 

where 

2 2 



2 + c mt7o,i 2 + c^ 2 7 0i2 ' 
ca/j are i/ie constant in [HI], corresponding to Cj, j = 1,2, w/iiZe 7o,j = sup|gj|, j — 1,2. 

Proof. We see that — W2(-,in) satisfies 

(wi (•,!«) - w 2 (-,i«))' = K(g 2 - 9i ) + «(u>i(',iK) - iu 2 (-,i«))(wi(-,i«0 + w 2 (-, i«0), 
wi(i, i/c) — W2(x, in) — > when x — > oo. 

Hence we get 

oo y 

(wi - w 2 ){x,iK) = k / (qi - q 2 )(y)e - dy. 

X 

Proposition 13.41 ensures that 

(wi + w 2 )(s, in) > a 

hence 

oo 

fa - w 2 )(x, Ik)<k[ - 92)(2/)|e- QKfe - x) dy. 
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We repeat this procedure for (102 — I0i)(-,i«;) and get 

00 

\(wx - w 2 )(x,iK)\ < k J \{qx-qi)(y)\e- aK{ - y -^ dy. 

X 

We integrate this inequality with respect to x and obtain 

CO 

(wi - w 2 )(x,ik)\ dx < k / / K91 - q 2 )(x + t)\e~ aKt dtdx 



R R 

= -hi - ^IUhk)' 

which completes the proof. □ 

Lemma IO] ensures that Re (1 + w(x,k)) > 1, therefore r(x,k) may be defined by 113. 2J1 . and the 
function r(-, k) is continuous when k 6 C+ is fixed. 

The basic properties of r are contained in the next proposition. 
Proposition 3.6. The function r{-,k) defined by 113.211 satifies: 

(i) \r(; k)\ < 1 when x e R, k € C+ . 

(ii) When k e C is fixed, r{-,k) belongs to te Sobolev space Sobolev W 1 '°°(R) and 

(3.13) r = -2ifcr + ^(1 + r) 2 

(3.14) lim r(x, A;) = when k e C + , 

(3.15) lim e 2ikx r(x,k) = R 2 (k) when keR. 

(iii) If x e R is arbitrarily fixed, the function C + 9 k 1— ► r(x, k) G <C is holomorphic and extends 
continuously at Im k = 0. 

Proof, (i) The inequality is straightforward since 

2 _ (1 - Rew) 2 + (Iniio) 2 
|r| ~ (lTRe^pTTlm^P' 

and Rew > fLemma, l3.2|l . 
(ii) We have 

2 

(1 +^;) 2 

w' is locally bounded, |1 + w\ > 1, hence r'(-,k) is locally bounded . The relation l|3.13fl follows from 
H3.16J1 and form the equation for w' . Using H3.13J1 and the inequality (i), we see that r(-, k) G W 1,00 (R). 



( 3 - 16 ) r ' = -7T-Z^I «"'. 
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We now prove 113. 14|) . We write 

. ^\ ikui(x, k) — Ui(x, k) 
' \ku\{x 1 k) + Ui(x, k) ' 

and use H2.7j) and l|2.5l) . 

Let k G R \ {0} be fixed. We write u\(x, k) in terms of U2(x, k) = e~ lkx m 2 (x, k), using H2.16J1 and get: 

2ikx ,\_ 2ikR 2 (k)m 2 (x, k) - R 2 (k)m' 2 (x, k) - m' 2 (x, k)e 2ikx 



c 



c r(x, k) = 



2ikm 2 (x, k) + R 2 (k)m' 2 (x, k)e~ 2ikx + m' 2 (x, k) 
This gives H3.15J1 . since m 2 (x,k) — ► 1 and m' 2 (x,k) when x — » — oo (see theorem 12 .111 . The equality 
H3.15|l is obvious for k = 0, since r(a;, 0) = R 2 (0) — for every x. 

The assertion in (iii) follows from the properties of w and from the fact that Rew > 0. □ 

4. The transmission coefficient 

We shall prove here that R 2 (k), k G M, uniquely determines the transmission coefficient T(fe), fc e R. 
We have seen (section 2) that T(-) extends holomorphically to C + , is continuous on Imfc = and 
\T(k)\ < 1 when keR. 

We first obtain estimates for T(k) when k G C + . The main result in this direction is contained in the 
next proposition. 

Proposition 4.1. Set Q = 1 . TTien 



(4.1) 

when k G 



T(fc) e : 



ik f K 



< 1, 



To prove this proposition we need a lemma. 
Lemma 4.2. One ftas 

«7<2 

(4.2) (2Km 1 (x, i«) — m 1 (a;, z«;))e x > 2k 

w/ien i£R and K > 0. 

Proof. The estimate 114.211 is obvious for k = 0, both sides being zero.. 

We fix k > 0. Then since w(x/m) is real and 

/ • \ u 'i Ul l ■ \ ^ n 
w(x,ik) = ? (a;,i/tj > 0, 

— Kuf 

we get m' 1 ui(x,1k) < 0. The function Ui(x,ik) does not vanish at any point of R and is continuous, 
therefore it has constant sign on R. Since mi(x,iK) = e KX ui(x,in) — > 1 when x — » oo, tti(or, i/«) must be 
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positive. Thus u[(x,iK) < 0, and it follows that 

rrii(x, ik) < Kirii(x,ik). 

We have that 

K 2 

u'{(x,iK) ^r-^-uitx, in) = 0, 

c z {x) 

and therefore if we set v(x) — Ui(x, \k)u\{x, k), v satisfies 

2 

v' = ^ru\{-,m) + (u[) 2 (;iK) > -2-v 



2k(x+ f Q) 

Hence ve x is non-decreasing. We thus get that 



that is, 



(4.3) 



2k(x+J Q) 2k(x+J Q) 

v(x)e * < lim (w 1 u 1 )(a;, in)e x = — K, 



2k(x+] Q) 



In 114.311 we replace U\{x,\k) by mi(x,i/t) = e KX ui(x, in), and get 



(4.4) 



, . 2k f Q 

mi(x, \K)[Kmi{x, in) — m 1 (a;, if«)]e * > n. 



Since mi(x,iK) > 0, nmi(x,'w) — m[(x, in) > and by 14.41 . we obtain 

2kjtii — rn'i kijii — m'i mi 
2k ^ X ' 1K ' = 2~k ^ X,lK > + ~( x > m > 



> 



m\{Km\ — m'i) 



(x, in) 



1/2 - K f 

> g X 



and this completes the proof. 



□ 



Proof of Proposition \4-l\ We show that T(k) e lk ^Q has angular order less or equal to 1, and its absolute 
value is less then equal to 1 for k € K (this is clear since — 1) an d k € iK + . The inequality in the 

statement is then a consequence of the Phragmen-Lindelof principle. 

From 112.411 and (|2.inj) we have that 



1 



l r 



T(k) 2ik 



2\k-k z I q(t)mi(t, k) dt 



vn\ + 2\km\ 
lim — [x, k). 



x — > — oc 



We denote 



2ik 



2ik 



m[ + 2\km\ 



(x,k). 
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It follows that 

ife/Q ife/Q 

(4.5) T(k)e R = lira f(x,k)e * . 



x — > — do 



The equation 112. l()f) yields 



, _ 2ik(m'{ + 2ifcmi 



(4.6) 



(mi + 2\kmi) 2 
ikq 2\km\ 2ik 



2 (mi + 2ifc) (mi + 2ifc) 
= — ( r + 1 ).f- 

The last equality has been consequence of the fact that r + 1 = (^iit'ini) ■ 

Since Hindoo /(x, fc) = 1, we deduce from H4.6I) that 

-ikj f(r+l) 
f(x,k)=e - 

Thus 

ifc/Q f J(Q 2 (a)-«fe)r(y,fc))dy 

(4.7) T(/c)e « = e K 

where we have made use of the fact that q — 2Q — Q 2 . 

The equality (14 . Tf) and the fact that \r(x, k)\ < 1 ensures that 

C+ 3 k -> T{k) e^" Q := h(k) E C 

angular order less or equal to 1. On the other hand h if n > 0, h(in) is positive (see 114. 7J1 . for instance), 
and 114.211 and 114.511 shows that |/i(i«)| < 1 when k > 0. This finishes the proof. □ 

The next theorem is the main result of this section. 

Theorem 4.3. For c satisfying [HI] and [H2], the transmission coefficient (T(k))keM is uniquely deter- 
mined by (R 2 {k))km- 

We shall need some lemmas. 
Lemma 4.4. We have 

(4.8) lim qr(;in) = Q 2 

K — >OC 

in L 1 (R). 

Proof, (i) Assume first that c S C°°(R) and obeys [HI] and [H2]. We change coordinates 

y 

x{y) = / -r-r ds 



c(y) 
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and write v(x(y), k) = u±(y, k) (u\ as in section 2). Then 

1 v'(x(y),iK) w 1 v'(x(y),iK) 



r(y,k) 



c(y) in v(x(y),iK)J \ c(y) in v{x{y),m)< 
Since c S C°°, v'(x(y), ik)/(ik v(x(y),in)) converges uniformly to 1 when k — ► oo. (See |DTJ.) We get 
that, for y fixed, 

Um r{y,in) = C< f\ \ . 
k^oo c{y) + 1 

It follows that q(x)r(x, in) — > Q 2 (x) for every x, while 114. 8|l is a consequence of Lebesques's convergence 
theorem. 

(ii) Assume now that c is a real measurable function that satisfies [HI] and [H2]. We set c e = 
1 + (c — 1) * <p e , §i Q e = 1 — c~ 2 where <p is a nonnegative smooth compactly supported function with 
J tp dx = I, and ^ e (af) = §<^(f ). Then 

c t > 1 + (co - 1) J <fe(y) dy = c , 
c e < 1 + (cm - 1) / V5 £ (y) dy = cm, 



ke(x)| < — / |c( y )-l| dy=: 7 i 

CO 7 

and 

Ike - iWl 1 < -ollce - c|| -> when e -> 0. 


We denote by w e and r e the functions defined as in i|3.3Jl and i|3.2JI corresponding to c e . The, since 
w e (x,iK) > 0, w(x,1k) > and by lemma it follows that there exists C independent of e and K (C 
may depend on cq, cm, 7o and 71) such that 

\r e (x, in) — r(x, dx < J \w e (x, in) — w(x, i«) | da; < C|k e — qWl 1 - 

We obtain 

r \ q{ x)r M -Q>(x)\ dx<J\ q{ x)r(x^- qe (x)r e (x^ dx 
+ / \Q 2 (x) -Q 2 (x)\ dx+ / |Q2( X ) - q e ( x )r e (x,iK)\ dx 



< C\\c - c € \\ L t + J \Ql - q e (x)r e {x,\K)\ dx, 

C constant independent of n. Let 8 > be fixed. There exists eo = e o(<5) with C||c — c e ||ii < 8/2. On 
the other hand, the discussion in (i) shows that there exists kq — kq(8) such that if k > kq then 

J \Ql-q e {x)r e {x,lK)\ dx<8/2. 

Hence, if k > kq = kq(8), we have 

J \q(x)r(x, in) — Q 2 (x)\ dx < 8 . 
Since 8 has been arbitrarily chosen, this completes the proof of the lemma. □ 
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Lemma 4.5. The quantity 

Q(x) dx 



is uniquely determined by the reflexion coefficient. 



Proof. Consider k € R \ {0} be fixed. We multiply the equation 

r' = -2ifcr+^(l + r) 2 , 



by r, and the take real parts. We obtain 



(i-M 2 )' = ^(i-M 2 )(r-^ 

and since Hindoo \r(x, k)\ 2 = this yields 

_7 ih3iM±( r -r){y.k) dy 

(4.9) l-\r(x,k)\ 2 =e ± 2 . 
we let x to — oo in and use H^,15|) . It follows that 

_j ihsMLt r -r){y,k) dy 

(4.10) 1 - |i? 2 (fc)| = e ' fcsl. 

Hence /c 2 / glm(r/fc)dy is uniquely determined by i? 2 (fc) for G R, and therefore / qlm (r/k) dy is also 

R R 

uniquely determined by R,2{k). 
Consider the harmonic function 

h{k) = J q{y)\m <p^) dy. 

R 

It is bounded and continuous on Imfc > 0. Hence (see [Koo]) h is uniquely determined by its values at 
{Imfc = 0}, therefore by R2(k). Because r{x,\n) is real when k > 0, we have 

h(iK,) — — / q(x)r(x, in) dx. 

K J 

R 

It follows that j q(x)r(x, i/t) dec is uniquely determined by R,2{k). Lemma l4~4l gives now that jQ 2 (x) dx 
is uniquely determined by R,2(k). 

The lemma is now a consequence of the equality 2Q = Q 2 + q, and of the fact that / q{x) dx is 
uniquely given by the limit of 2LR(fc)/fc when fc — > (see lemma l2~2l . □ 



Proof of theorem \4-.3\ When k G C we denote 

(4.11) F(k) =T(k)e ik f Q dx . 

We notice that \F(k)\ 2 = \T(k)\ 2 = 1 — |i? 2 (fc)| 2 when k real, hence \F(k)\, k £ R is uniquely determined 
by i? 2 (^)- In addition F belongs to H°°(C + ) (proposition 14. Ill , is continuous on {Imk — 0} and has no 
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zeros. Moreover, it follows from 114. 7|l that 

F(k) = exp ( - ik J q(y)~(y,k) dy + ikj^f- dy 

R R 

hence from lemma l4~4l we see that 

lim = o. 

Then the factorization theorem of i/°°(C) functions (see |Koo| l gives that 

(4.12) F(z)= 7 6 F (z), zeC + , 
where 7 6 C, |-y | = 1, and 0_f is the exterior function corresponding to F, 

e^) = ex P (-^/(^-^_)log|^d fc 

R 

Since |F(fc)| 2 = |T(fc)| 2 = 1 - |i?(fc)| 2 when k G R, we may write 

(4.13) FW = eX p(-i-| (_l_-_A_)l 0g |F(fc)| 2 dfc 

R 

When k is real \F(k)\ = \T(k)\, hence form 14. (ill it follows that log |F(fc)| 2 /fc is locally L 1 . We write 

R 

and compute 

Um/ (-^-^ - log \F{k)\ 2 dk = J w J TT) lo g \F(k)\>dk = 0, 



where in the last equality we have used that the integrand is an odd function. (Recall that T(fc) = T(—k) 
when k is real.) We thus obtain that 6_f(0) = 1. 

Writing (14. 12f) at z — we easily get that 7 = 1, since F(Q) = 1 and 9_f(0) = 1. 

It follows from gHU, 10321, and the 

previous lemma that T{k) is uniquely determined by 
R 2 (k), □ 

5. Further properties of mi(x,k). 

We recall that a holomorphic function / on C + is said to belong to the Smirnov class N+ if it can be 
represented in the form / — h~ 1 g, where h, g S H°°(C + ) and h is exterior. 

If / £ A/+ then the boundary values 

/(A) lim/(A + ie) 

e— *0 



INVERSE SCATTERING ON THE LINE 



17 



exist almost everywhere A S R, and / can be recovered by these boundary values, therefore one can 
identify / with its boundary values at Im z = 0. From the Smirnov maximum principle we aslo have that 

L 2 (R) = H 2 (C + ). 

(See [Koo].) 

We use the notation 
(5.1) f(k) = T(k)e ik f Q . 

We recall that T is an iJ°°(C + ) exterior function (see the proof of theorem 14 

Lemma 5.1. Assume igKis fixed. 
a) The function 



-ifc / Q 

C+ 9 k -> mi(x,fe)e - eC 



belongs to the Smirnov class. 
b) Tfte function 



-ifc / Q 

fc _^ T(fc)(mi(x,fc)e * - 1) 



belongs to the Hardy space H 2 (C + ). 
Proof. We first show that g given by 



-ifc / 

g(fc) = mi (a;, k)e 



belongs to the Smirnov class A/+ . 

For that, we notice that if T x (k) is the transmission coefficient associated to 

c(y), y>x 



c x {y) 



then (from lEH8j) ) 



1, y < x 
u[(x, k)e' ikx + \ke~ ikx ui(x, k), k <E 



hence 



It follows that 



and thus 



T x (k) 

2(T x (k) Ul (x, k)e~ ikx )- 1 = 10(3:, k) + 1 



T x (k)mi(x, k) — r(x, k) + 1 when k G C + , 



-ifc / Q -ifc / Q 

mi(x, fc)e x = (1 + r(x, k))(T x (k)e * ) 
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-Ik Jq 

belongs to A/+ since 1 + r(x,-) is an H°°(C + ) function, while T x {k)e x is an H oc (C + ) exterior 
function. 

r ~ —ire f Q 

Since T(k) e - lk f Q is H°°(C+) and exterior we get that /(ft) = T(fc)m 1 (x, k)e * belongs 7V+. 

By using Smirnov maximum principle and 112.511 we see that it suffices to show that f/(i + k) is L 2 on 
R. We notice that lemma l2~3l leads to 

|/0)/(i + k)\ 2 < 2Re (T(ft)mi(x, k)m 2 (x, fc))/(l + /c 2 ). 

On the other hand it follows form 12.18|l that 

Re (T(k)m 1 (x, k)m 2 (x, ft)) = Re (— - — -— ? — rT ), 

v w(a;, ft) + k) 

and this along with corollary 13.31 gives that k — > Re (T(fc)mi(x, k)ni2(x, ft))/(l + ft 2 ) is L . We have 
obtained that //(i + ft) is L 2 (R), which completes the proof. □ 

6. The uniqueness 

We prove here theorem ll.il 

Let c: R — > R a real measurable function obeying [HI] and [H2] and satisfying also the additional 
assumption 

(6.1) c'eL^RjnL'fl). 

We need some results that are valid in this more particular case. 
We consider the coordinate transform 

oo 

y = x(x) = x + J Q(y) dy, Q = 1 - 1/c, 

X 

(x'( x ) — l/c(ic) is positive and continuous.) If u is a solution to 

ft 2 

(6.2) u" -\- — ttU = 0, 

&■ 

we set 

(6.3) v(y)=u{ X - 1 (y). 
Then 

(6.4) c(x)u'(x) = v'(x(x)), 
and if n{x) = l/c(x _1 (y)), then v solves the equation 

-(^v'Y + k 2 v = 0. 

n 

It is easily seen that /x satisfies [HI], [H2] and p! G L 2 (R) n L X (R). 
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If u%(x, k), k € C + is the Jost solution constructed in section 2, then 

vi(y,k) = ui(x~ X {y),k). 

satisfies v\{x, k) — e lkx — > when a; — > oo. We then may define 

f s f fcl _ l-v'^y^/lkv^y.k) 

(See [BrOO].) 

The following important result is due to J. Sylvester (see, for instance, Theorem 6.2 [BrOO]). 

Theorem 6.1. Assume that c is a real measurable function satisfying [HI], ]H2] and Ij6.il! . Then for 
the function p defined above one has that 



- f m'/mI ds 

\p{x,k)\ < 1 - e * 



when x, k el. 



We write l|fi.5Jl at the point x( x ) an d recall that l|6.4|) holds. We thus obtain 

. , . „ ikui(x,k) — c(x)u' 1 (x,k) 
' ikui(x,k) + c(x)u[(x,k) 

It follows from theorem 16.11 and H2.13I) that there exists a constant a < 1 such that 

(6.6) /c 2 |mi| 2 + c 2 |u'il ~ 2fc 2 c < a(fc 2 |ui| 2 + c 2 \u' 1 \ + 2k 2 c). 
We get the following lemma. 

Lemma 6.2. Assume c satisfies [HI], [H2] and l|6.1H . Then there exists a constant M > with 

(6.7) \mi(x,k)e * \<M 
when x £ K and k G C + . 

Proof. When k € R, 

|mi(a;, fc)e 31 | = |mi(:r,fc)| = |ui(x, fc)| 
for every x, and 116. 7|l follows i|6.6|l . The lemma follows from 15. ll and the Smirnov maximum principle. □ 

Corollary 6.3. Assume c satisfies [HI], ]H2] and 116. Q . T/ien i/ie function 

-ik J Q 

C+3fc^ mi(x ' fc)e , - "^ C 
belongs to the Hardy space H 2 (C + ). 



Proof. The statement follows from the previous lemma and 112.511 . 



□ 
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Proof of the,ore,m \l.l\ Let c\ and c 2 be two functions that satisfy [HI], [H2] and Hfi.lj) and such that 

R 2 (k;cx) = R 2 (k;c 2 ) = R 2 (k) tel. 

Then 

T(k; Cl ) = T(k,c 2 )=T(k) and Jqi&s = J Q 2 ds. 

R R 

(See theorem 14.31 and lemma 1431 1 

We denote by ui t i(x, k), u 2> i(x, k) the Jost solutions corresponding to c\ and by u 2 ,i(a;, k), u 2i2 (x, k) 
those corresponding to c 2 . We write u 1 j(x,k) = e mij(x,k), u 2 j(x,k) = e~ lkx m 2: j(x,k), j = 1,2. 
With this notation Ij2.17fl becomes 

(6.8) T(k)m hj (x,k) = R 2 {k)e- 2 ' ikx m 2 ^{ Xl k) + m 2 ,j{x, k), j = 1,2 

when k is real. We set 

T(k) = e lk I Ql T{k) = e lk f Q2 T(k), mij = e * m hj , m 2J =e — m 2j . 
We multiply l|6.8l) by e lfc / Q and get 

-2ife(a- / Qj) 



(6.9) T(k)fhij(x,k) = R 2 (k)e "°° m 2 j(x, k) + m 2> j(x, k), j = 1, 2. 

We change coordinates 

V = Xo{x)=x- J Qj(s)ds 

— oo 

and denote 

M il i(i/) = m i>l (xr 1 (l/)). i, Z = 1, 2. 

Then l|6.9|) can be written as 



(6.10) f(k)M hj (y,k) = R 2 {k)e- 2ikv M 2;j (y,k) + M 2 J^k), j = 1,2. 
If 

Mid/.fc) = -M li2 (y,fc)), M 2 (y,fc) = i(M 2il (y, fc) - M 2)2 (y, A;)), 

it follows that 

(6.11) f{k)M 1 {y, k) = i? 2 (fc)e- 2ifea; M 2 (y, fc) + M 2 (y, fc). 
We multiply this relation by M 2 (y, k) and get 

(6.12) f^M^y^M^k) = R 2 (k)e- 2ikx Ml(y,k) + \M 2 (y,k)\ 2 . 

It follows from corollary 16 . 31 and from lemma lKTTl that T(-)M\(y, -)M 2 (y, ■) belongs to if 1 (C + ), therefore 

(6.13) / f(k)M 1 (y,k)M 2 (x,k)dk = 0. 
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On the other hand, we easily get from (I6.10|l (proceeding as in the proof of lemma, IPf that 
(6.14) Ej S f(k)M 1 (y,k)M 2 (x,k)) = ~(|f (fc)Mi(y, k)\ 2 + \f (k)M 2 (y, k)\ 2 ), 

when k is real. Hence ljfi.1811 . II fi, 1411 and the fact that M\(y, •) M 2 {y, •) are holomorphic yield 
Mi(y, k) = 0, M 2 (y, k) = when y £ K and fc € C + . 

Therefore 

"^(xr 1 ^)^) = ^(Xa 1 ^)^) when t/£l and G C + , j=l, 2. 
We let fc go to zero in {m2,j{xj {y)i — l)/k. We get that 

xi 1 (v) X2 1 (v) 
J Qi(«)ds= /" Q 2 (s)ds 

— oo — oo 

for every y. We change variable s — Xi (*) m the integral in left hand side and s = X^W m the integral 
in the right hand side and then take derivative with respect to y. We obtain that 

ci(xr x (y)) = czixhiv)) 

for every y, that is Xi{y) = Xziv) almost everywhere, and this equality is nothing else than 

1 _ 1 
ci(y) c 2 (y)' 

and the proof of the theorem is complete. □ 
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